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Abstract 

We prove upper and lower bounds for the eigenvalues of the Dirac operator and 
the Laplace operator on 2-dimensional tori. In particluar we give a lower bound 
for the first eigenvalue of the Dirac operator for non-trivial spin structures. It is the 
only explicit estimate for eigenvalues of the Dirac operator known so far that uses 
information about the spin structure. 

As a corollary we obtain lower bounds for the Willmore functional of a torus 
embedded into S 3 . 

In the final section we compare Dirac spectra for two different spin structures on 
an arbitrary Riemannian spin manifold. 
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1 Introduction 



The Dirac operator is an elliptic differential operator of order one playing an important 
role both in modern physics and in mathematics. In physics, particles with non-integer 
spin, so-called fermions, are described by the Dirac equation. Let us assume that the 
space-time M is stationary, M = Kx JV and that the spatial component N is compact 
and admits a spin structure. Then stationary fermions have a wave function of the form 

(t, x) = e iEt ^ {x) teR,xeN 
* ammann @ math, uni-hamburg .de 
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where ^ is an eigenspinor of D 2 N , the square of the Dirac operator on N, that belongs to 
the eigenvalue A . The energy E and the eigenvalue A are related via the formula 

E 2 = X + m 2 

with m being the rest mass of the particle. Knowing the spectrum therefore means know- 
ing possible energies. The first eigenvalue is of particular interest as it characterizes the 
energy of the state of lowest energy — the vacuum. On an arbitrary Riemannian mani- 
fold, exact calculation of the spectrum is impossible, thus one tries try to find bounds for 
the eigenvalues. 

Bounding eigenvalues of the Dirac operator on a compact Riemannian manifold iV is also 
an important tool in differential geometry and topology. If iV is spin and carries a metric 
whose scalar curvature is greater than or equal to s > at every point, then with the help 
of the Schrodinger-Lichnerowicz formula it is easy to prove that the first eigenvalue Ai 
of D 2 is bounded from below by s /4. On the other hand Atiyah-Singer index theorem 
tells us that positivity of the first eigenvalue of D 2 on a compact Riemannian manifold N 
implies that the A-genus vanishes. Therefore any compact spin manifold admitting a 
positive scalar curvature metric has vanishing A-genus. 

Lower bounds for Dirac eigenvalues can also be applied to problems in classical differen- 
tial geometry. For any immersion F : iV — > W 1 of a compact manifold N, Christian Bar 
[ gaggg ] proved 

H\ 2 > /xiarea(JV). (1) 



N 

Here N carries the induced metric, /ii is the first eigenvalue of the square of a twisted 
Dirac operator and H is the mean curvature vector field of F(N) C W 1 . If N is the 2- 
dimensional torus T 2 , then the left hand side of ([]]) is the so-called Willmore functional. 
The Willmore conjecture states 

\H\ 2 > 2tt 2 

T 2 



for any immersion F : T 2 — > W 1 . This conjecture first appeared in QWil65| ] for the 
case n — 3. In the meantime the conjecture has been verified for several classes of 
immersions, for example for immersions with rotational symmetry [ LS84Q or for non- 



injective immersions [ |LY82| ]. Nevertheless the conjecture remains open until now. For 



further information on this conjecture the reader may read the introductions of [ TfOp98b| ] 
or QAmmOq ]. 



Now assume for simplicity that F is an embedding and F{T 2 ) C S 3 C M 4 . In this case, 
the twisting bundle is trivial, and [i\ is the first eigenvalue of the square of the classical 
Dirac operator associated to a non-trivial spin structure. Our goal is to use inequality ([[]) 
in order to derive lower bounds for the Willmore functional. If the induced metric on T 2 
is flat, the spectrum of D has been explicitely calculated [ Fri84[ ] and we obtain a lower 
bound for J T2 \H\ 2 . 
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Obtaining lower eigenvalue estimates for non-flat tori is much harder. John Lott QLot86 
Proposition 1] proved the existence of a constant CL 0tt > depending on the spin- 
conformal type of the torus such that 

/iiarea > C Lott . (2) 

Unfortunately, Lott's article does not give an explicit value and it seems hard to express 
such a constant CL ott in terms of meaningful geometric data. Lott's estimate uses the 
L p -boundedness of zero order pseudo-differential operators and Sobolev embedding the- 
orems, hence corresponding constants are hard to interpret without using explicit coordi- 
nates. 



The starting point of the author's PhD thesis [|Amm98|j and of the present article is to find 



an explicit lower bound for fi\ that uses information about the spin structure. All explicit 
lower estimates known before did not use any information about the spin structure. 

For general compact Riemannian manifolds the problem of finding such estimates is 
rather difficult. It is not clear at all what kind of data from the spin structure could be 
used in order to get an additional term in a lower eigenvalue estimate. Take for example a 
compact manifold with non-vanishing A-genus. It has [i\ = for any spin structure, thus 
the contribution of the spin structure in the estimate has to vanish. 

As the general case is hard to handle, most of the article will specialize to the 2-dimen- 
sional torus T 2 . By the uniformization theorem any 2-dimensional torus is conformally 
equivalent to a flat torus. We use this fact in order to control the geometry. An important, 
but also very technical step for this is the estimate of the oscillation of the conformal 
factor (Section 0). Although our main goal was to find lower estimates for the Dirac 
eigenvalues, it turns out that this method gives upper and lower bounds for all eigenvalues 
both of the Laplace operator and the Dirac operator and for any spin structure. We prove 
different versions of the estimates. Theorem ^[2] for example states for the first eigenvalue 
[i\ of the square of the Dirac operator 

/iiarea > C^Ammann ' K (3) 

where Cj^ mmann > is an explicit constant depending on the spin-conformal class and 
k < 1 is a curvature expression that satisfies k = 1 if the metric is flat. This estimate is 
sharp for any flat metric. 

In view of Lott's result @, it is tempting to conjecture that we can drop the curvature 
term, i. e. /ijarea > CAmmamr This * s ^ se however: we can prove by example at the 



end of section [T2] that for many spin-conformal structures the optimal constant in Lott's 



estimate is not attained by a flat torus. 

In section [T2] we will prove some lower bounds for the Willmore functional that are 
strongly related to our lower estimates of the Dirac eigenvalues. In particular we prove 
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for embeddings T 2 — > S 3 that under a curvature condition the Willmore functional con- 
verges to oo if the spin-conformal type of the embedding converges to one end of the 
spin-conformal moduli space (Corollary |12.5| ). 

The results in this paper about the Willmore conjecture are strongly related to another 



preprint of the author QAmmOO| ] . The results of the present article are stronger near one 
of the ends of the spin-conformal moduli space but they have other drawbacks. Namely, 
they do not generalize easily to higher codimensions and they impose a restriction on the 
spin-conformal class. 

The structure of the article is as follows: In section |2| we will state our spectral estimates 
on 2-tori. Sections |3| to [FT] provide proofs of the statements in section ^. We then ap- 
ply Theorem ^T] once again and derive an application to the Willmore functional that is 
related to our lower eigenvalue estimates. 



Finally in section |13| we will prove a result for arbitrary spin manifolds M. Let M carry 
two different spin structures $ and . The difference of these spin structures x '■= $ ~ 
is an element in H 1 (M,Z 2 ) = Homg(ifi(M, Z), Z 2 ). Assume that x vanishes on the 
torsion part of i?i(M, Z). We will define a norm me stable norm of x- We prove 

that the eigenvalues (/o»)i 6 z °f tne Dirac operator corresponding to d and the eigenvalues 
(p'i)iez corresponding to can be numbered so that 

\pi-p'i\ < 27r||0-tf'|| £oo . 

If the spectrum is known for •§ and if \pi\ > 2n — $'|| ioo for any « 6 Z, then this yields 
a lower bound for any p[. 

At the end of the introduction we want to mention some other publications that treat the 
interplay between spin structures and the spectrum of the Dirac operator. However, they 
do not derive explicit eigenvalue bounds for generic metrics. We will restrict to the most 
recent ones. For further references and a good overview of the subject we refer to JBarOQ ] . 



Dahl [pah99|] shows that the difference of the eta-invariants corresponding to two dif- 



ferent spin structures is an integer, if the difference of the spin structures viewed as an 



element in Homg(.ffi(M, Z), Z 2 ) vanishes on the torsion part. Bar [ |Bar98a| ] calculated 



the essential spectrum of hyperbolic 2- and 3-manifolds of finite volume. In these exam- 



ples, the essential spectrum depends on the spin structure at the cusps. Pfaffle QPfa99j ] 
calculated the spectrum and the ^-invariants of flat Bieberbach manifolds. These spectra 
also depend on the spin structure. 



Several results in the present article already appeared in the author's PhD thesis QAmm98|] 
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2 Main results 



In this section we summarize our results about the spectra of Dirac and Laplace operators 
on 2-tori. 

The spectrum of the Dirac operator depends on the spin structure. At first, we recall some 
important facts about spin structures and introduce some notation. Spin structures will be 
discussed in more detail in section |]. 

Let M be a compact orientable manifold with vanishing second Stief el- Whitney class 
w 2 (TM) = 0. Such manifolds admit a spin structure. However, the spin structure is 
not unique in general. The group H l (M, Z 2 ) acts freely and transitively on the set of 
spin structures ©pin(M), i. e. 6pin(M) is an affine space associated to the vector space 
if x (M, Z 2 ). After fixing a spin structure and a Riemannian metric on M we can define 
the spinor bundle EM -> M and a Dirac operator D : T(SM) -> F(SM). 

We are mainly interested in the case M = T 2 . The 2-dimensional torus T 2 is spin. Be- 
cause of # (5pin(T 2 ) = #if 1 (T 2 , Z 2 ) = 4 there are 4 spin structures on T 2 . There is 
exactly one spin structure in (5pin(T 2 ) for which lies in the spectrum of D, regardless 
of the underlying metric g. This spin structure will be called trivial (see section ^ for 
other characterizations). We will identify the trivial spin structure with G H l {T 2 , Z 2 ). 
This identification yields an identification of the affine space (5pin(T 2 ) with H l {T 2 , Z 2 ). 
On the other hand, we will identify H 1 ^ 2 , Z 2 ) with Hom z ( J ff 1 (T 2 , Z), Z 2 ). Hence spin 
structures on T 2 are in a canonical one-to-one relation to such homomorphisms. Fre- 
quently, we will use the term "spin homomorphism" instead of "spin structure" in order 
to indicate that we regard the spin structure as an element in Homz(-£/i(T 2 , Z), Z 2 ). 

If the torus T 2 carries a flat metric, it is very helpful to write the torus as M 2 /T with a 
lattice T = H 1 (T 2 , Z). We always assume that M 2 /T carries the metric induced by the 
Euclidean metric on M 2 . Let T* be the lattice dual to T. Elements x £ Homz(r, Z 2 ) are 
represented by vectors a G (1/2)T* with the property 

x (x) = (-l) 2a ^ Vx G r. 

Note that x determines a only up to elements in T*. 

We define the function S : [0, An[ x [0, oo[x]l, oo[ x ]0, oo] — >■ ]0, oo] by 

for K > and S(0, K\ p, V) := 0. 
Let Area 9 be the area of (T 2 , g). 

THEOREM 2.1. Let (T 2 , g) be a Riemannian 2-torus with spin homomorphism x- Choose 
a lattice V in R 2 with vol(IR 2 /T) = 1 together with a conformal map A : M. 2 /T — > (T 2 , g). 
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Assume that A*(x) is represented by a e (1/2)T*. Let < £ < £ 1 < £ 2 < ■ ■ ■ be the 
sequence of lengths of T* + a (with multiplicities), and let (pi\i = 1, 2, . . .) be the 
spectrum of D 2 on (T 2 , g, \)- 



Then 



e -2osc« 47r 2 £ 2^ i < ^Areag < e 2osc " 4vr 2 i 2 u _ u 



2 J L 2 



If\\K g \\ L i( T 2 :g) < 47T, then 

oscm < S (^\K g \\ Ll{T ^ g) ,\\K g \\ LP{T ^ g) km& g l ~ {l/p \p,a 1 {T 2 , gY 2 ) (4) 
with ai(T 2 , g) := inf {length(/3) | /3 e T - {0}}. 

The number cri(T 2 , g) is a conformal invariant of (T 2 , g) which will be called cosystole. 

The most difficult step in the proof of this theorem is to find the estimate (Q). This step 
will be performed in Theorem f^l"] . For proving the above theorem, we will use the explicit 
formula for the spectra of flat tori (Proposition [7]2|, [ |Fri84| ]). Another important tool for 
the proof is the following proposition. 



PROPOSITION |5.2j . Let M be a compact manifold with two conformal metrics g and g = 
e 2u g. Let D and D be the corresponding Dirac operators with respect to a common spin 
structure. We denote the eigenvalues of D 2 by Hi < \ii < ... and the ones of D 2 by 
fti<jh<--~ 



Then 



Ui min e 2u{m) <Ui<Ui maxe 2u(m) Wi = 1, 2, 

mGM m£M 



This proposition is based on Hitchin's transformation formula for spinors [ |Hit74{ ] (see 
section |5] for a proof). 

In section || we will define a norm on iJ 1 (T 2 , Z 2 ), the L 2 -norm. This norm allows us to 
derive explicit lower bounds for the first eigenvalue of D 2 on T 2 . This lower bound is non- 
trivial if the spin structure is non-trivial. The cosystole cxi(T 2 , g) can also be expressed in 
terms of the L 2 -norm 

^(T 2 , g) := inf {||«|| L2 | a E H\T 2 , Z 2 ), a ^ o} . 

(see section^, in particular Proposition |5. 1| (a)). 

THEOREM 2.2. Let (T 2 , g) be a Riemannian 2-torus with spin homomorphism \- Assume 
that WKgW^^ g s < 4:7i. Then the first eigenvalue /xi of D 2 satisfies 



exp (25(11^11^^2^ , \\K g \\ LPiT2jg) Area/ (1/p) , p, a^T 2 , g\ 
The equality is attained if and only if g is flat. 
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From this theorem we will obtain two corollaries estimating jii in terms of the systole 
sys l5 the spinning systole spin-sys 1 and the non-spinning systole nonspin-sys 1 . 



sySi(T ,g) 
spin-sys^T 2 ,^) 
nonspin-sys^T 2 ,^) 



inf {length(7) | 7 is a non-contractible loop.} 
inf {length(7) | 7 is a loop with x([l]) — ~ 1} 
inf {length(7) | 7 is a non-contractible loop with x([t]) = 1 
and [7] is a primitive element in Hi(T 2 , Z).} 



An element a E Hi(T 2 ,Z) is called primitive if there are no k E N, k > 2, (3 E 
#i(T 2 ,Z) with a — k- p. 

COROLLARY 2.3. Le? (T 2 , (?) £>e a Riemannian 2-torus with non-trivial spin homomor- 
phism x- Assume that \\K g \\ Ll ^ T2 g ^ < 47r. Then the first eigenvalue ji\ of D 2 satisfies 

2 T^nonspin-sys^T 2 ,^) 2 
/iiArea 9 > 



exp (2S{\\K g \\ L1 ^ T2 ^ , ||-^ ff || LP ( T 2 iff ) Area/ (1/p) ,p, sySi ( T 2^ )2 
The equality is attained if and only if g is flat. 

COROLLARY 2.4. Let (T 2 , g) be a Riemannian 2-torus with non-trivial spin homomor- 
phism x- Assume that || A^|| Ll( . T2 g \ < 4vr. Then the first eigenvalue jii of D 2 satisfies 



TV 2 



exp Us(\\K g \\ Ll(T2 _ a) , \\K g \\ LP(T 2 o) Areag 1 (1/p) ,p, 



^spin-sys^T 2 ,^) 2 > 
The equality is attained if and only if 

(a) g is flat, i. e. (T 2 , g) is isometric to R 2 /Tfora suitable lattice T, and 

(b) there are generators 71, 72 for T statisfying 71 _L 72, x(Ti) = 1 an d xdz) — — 1- 

Using Proposition |6. 1| and the inequalities from section [10] the two corollaries immediately 
follow from Theorem fT2| 

We now turn to the Laplace operator and to the Dirac operator associated to a trivial spin 
structure. We recall a well-known proposition that is the analogue of Proposition |5]2| for 
the Laplacian on surfaces (section |5|). 

PROPOSITION |5.1| . Let M be a compact 2-dimensional manifold with two conformal met- 
rics g and g = e 2u g. The eigenvalues of the Laplacian on functions corresponding to g 
and g will be denoted as = A < Ai < A2 . . . and = A < Ai < A2 . . . respectively. 

Then 

Xi min e 2u(m) < A* < \ { max e 2u(m) Vi = 1, 2, . . . . 

m€M meM 



7 



Together with Proposition [O] and Theorem |9j] we obtain 

THEOREM 2.5. Let (T 2 , g) be a torus conformally equivalent to M. 2 /T, vol(R 2 /T) = 1. 
Let Y* be the lattice dual to Y. Let < < £\ < £2 < • • • be the sequence of lengths of 
Y*, and let (Aj | i = 0, 1,2,.. .) be the spectrum of the Laplacian on functions on (T 2 , g), 
then 

e -2«c« 47r 2^ < AiArea 9 < e 2oscu 4vr 2 I 2 . 
If\\Kg\\ Ll ( T2 ^ < 47T, r/zen 

oscu < 5 (||^|| L i (T 2 iff) , \\ K g\\ L v(T\ g ) Area 9 1_(1/p) ,p, ai(T 2 ,^)" 2 ) . 

Note that this theorem also provides bounds for the Laplacian on forms: By Poincare du- 
ality the spectrum on 2-forms is the same as the spectrum on functions, and the Laplacian 
on 1 -forms also has the same non-zero eigenvalues, but each with multiplicity two. 

The theorem implies, in particular, a lower bound on the first positive eigenvalue. 

THEOREM 2.6. Let (T 2 ,g) be a Riemannian 2-torus. Assume that \\Kg\\ L1 ^ T2 ^ < 47r. 
Then the first positive eigenvalue Ai of the Laplacian on functions satisfies 

AiArea 9 > -, — — r-. 

exp^cSdl^ll^^JI^H^^Areag UP) ,p, a^T 2 , g) 2 J 

The equality is attained if and only if g is flat. 

COROLLARY 2.7. Let (T 2 , g) be a Riemannian 2-torus. Assume that \\Kg\\ L1 ^ T2 g \ < 47r. 
Then the first positive eigenvalue Ai of the Laplacian on functions satisfies 



4 7r 2 sy Sl (T 2 ,fl) 2 

9 — /nr/llr/ II II ts II A 1-CI/d) _ Area. 



AiArea„ 2 > 



exp (25(11^ l^i^a ^ , ||-^g|| LP ( T 2 i9 ) Area/ (1/p) ,p, syS| (7 -j 
The equality is attained if and only if g is fiat. 



Remark. Theorem and Corollary ^77] also hold for the first positve eigenvalue of D 2 , 
if the spin structure is trivial. Theorem |2~5[ holds for the spectrum of D 2 , if we double the 
multiplicities. 

The structure of the paper is as follows: In the following sections (sections p|— jTT]) we will 
prove our main results. In section [12], we will apply the inequalities in Proposition |57T| 



in order to obtain a lower bound on the Willmore functional. Finally, in section [13] we 
assume that a manifold of abitrary dimension n > 2 carries two spin structures. We derive 
an upper bound for the spectra of the corresponding Dirac operators. 
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3 Overview 



We want to obtain upper and lower bounds for the eigenvalues of the Dirac operator and 
the Laplace operator on a Riemannian 2-torus (T 2 , g). 

The Clifford action of the volume element on spinors anticommutes with the Dirac opera- 
tor D. Thus, the spectrum of D is symmetric and is uniquely determined by the spectrum 
of its square D 2 . Therefore we will study the spectrum of D 2 instead of the spectrum 
of D. In the literature D 2 is often called the Dirac Laplacian. 

In order to prove bounds on eigenvalues we use the uniformization theorem which tells 
us that we can write g as g = e 2u g with a real-valued function u and a flat metric g . For 
flat tori the spectrum of the Laplacian and the Dirac operator is known: the spectra can be 
calculated in terms of the dual lattice corresponding to (T 2 , g ). 

We obtain bounds through the following steps. 



(a) Comparison of the spectrum of (T , g) and the spectrum of (T , g ) (Propositions [5T 
and|5g>. 

(b) Introduction of certain spin-conformal invariants that contain information about the 
dual lattice corresponding to (T 2 , g ) (section ||). 

(c) The knowledge of spectra of flat tori (section 0). 

(d) A bound on osc u = max u — min u (section ^|). 

(e) Derivation, in section [K], of certain inequalities that are in a sense inverse to the 
inequalities in Proposition ^7] and contain a curvature term. 



In section 1 1, we combine the inequalities and derive the main results. 



4 Spin structures 

The eigenvalues of D depend on the spin structures and we want to find estimates de- 
pending on the spin structure. In this section we recall some important facts about spin 
structures. Good references about spin structures are [ LM89| ], [ |BG92| ] and [ |Swi93 , 



sec- 



tion II]. We will define spin structures without fixing a Riemannian metric. This definition 
will allow us to identify spin structures on diffeomorphic but not isometric manifolds (see 
Proposition |5.2|). 



Let M be an oriented manifold of dimension n > 2. The bundle GL + (M) of oriented 
bases over M is a principal GL + (n, R)-bundle. The fundamental group of GL + (n, M) is 
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Z for n = 2 and Z 2 for n > 3. Therefore GL + (n,IR) has a unique connected double 
covering 6 : GL+(n,R) -> GL + (n,R). 

Definition. A spin structure on M is a pair (GL + (M), i?) where GL + (M) is a principal 
GL + (n, M)-bundle over M and i? is a double covering GL + (M) -> GL + (M) such that 

GL+(M) x GL+(n,R) -> GL+(M) 

\ 

|tfx0 J.0 M (5) 

/ 

GL + (M)xGL + (n,E) -> GL+(M) 
commutes. The horizontal arrows are given by the group action. 

There is a spin structure on M if and only if the second Stief el-Whitney class w 2 (TM) 
vanishes. Such manifolds are called spin. From now on we assume that M is spin. 

Two spin structures (GL + (M),$) and (GL X (M),i?i) are identified if there is a fiber 
preserving isomorphism of principal GL + (n, M)-bundles a : GL + (M) — > GL X (A/) with 
$ = i?i o a. 

The set of all spin structures (GL + (M), over M will be denoted by <5pin(M). The set 
Spin(M) has the structure of an affine space associated to the vector space H l (M, Z 2 ), 
i.e. iJ x (M, Z 2 ) acts freely and transitively on (5pin(M). We will describe this action: 
Elements in H X {M^ Z 2 ) can be viewed as principal Z 2 -bundles over M [ |LM89| , Ap- 
pendix A]. Let 7r : P x -»• M be the Z 2 -bundle defined by % e H 1 (M,Z 2 ). Let 

(GL + (M),$) be a spin structure. The group Z 2 acts by deck-transformation both on 
GL+(M) and P x . We define 

GL^(M) := (GL+(M) x M P x )/Z 2 
where Z 2 acts diagonally on the fiberwise product of the bundles. The map 

<& x M 7T : GL+(M) x M P x -> GL + (M) (A, a) ^ 

is invariant under the Z 2 -action and therefore defines a map i?i : GL^(M) — > GL + (M) 
compatible with (Q). The action of x maps (GL + (M), $) to the spin structure (GL 1 (M), 



This action is free and transitive QLM89| , II§ 1 ] 



Now we fix a Riemannian metric g on M. This reduces our structure group from GL + (n, M 
to SO(n). The bundle of positively oriented orthonormal bases SO(M, 5) is a principal 
SO (n) -bundle. The 5pm group is defined by Spin(n) := 0~ 1 (SO(n)) and is the unique 
connected double covering of SO(n). A metric spin structure is a pair (Spin(M, g>), 1?) 
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where Spin(M, g) is a principal Spin(n)-bundle over M and •& is a double covering 
Spin(M, g) — ► SO(M, (7) satisfying a compatibility condition analogous to @. For any 

spin structure (GL + (M), we obtain a metric spin structure (Spin(M, g),^') by restric- 
tion: 

Spin(M,<7) := 0-\SO{M,g)) tf' := 0| Spm(M , 9) . 

Via this restriction map, the set of metric spin structures is in a natural one-to-one corre- 
spondanceto 6pin(M) QSwi93Q . 



Metric spin structures are used to define spinors and the Dirac operator. Let 7„ : Spin(n) — > 
SU(S n ) be the complex spinor representation of Spin(n). This is a complex repre- 
sentation of dimension 2' n / 2 l. It is irreducible for n odd. For n even, it consists of 
two irreducible components 7+ and 7", 7^ : Spin(ra) — > SU(S^). The representa- 
tion 7„ is not a pullback from a representation of SO(n). The associated vector bundle 
EM := Spin(M) x 7n S n is called spinor bundle and its sections are spinors. The Dirac 
operator (see [ |LM89| ] for a definition) is an elliptic operator acting on the space of smooth 



spinors. 

Large parts of this article will deal with the case M = T 2 . In this case many of our 
definitions simplify. Let / : M? — > T 2 be a smooth covering map with deck transformation 
group Z 2 acting by translation. Then 

r f :T 2 x GL+(2) -> GL+(T 2 ) 

(f(p),A) 1 ► (S./(p),fy/(p)M 
yields a trivialization of GL + (T 2 ). 

Definition. The trivial spin structure on T 2 (with respect to /) is the one given by 07 : = 
(GL+(T 2 ),0) with 

GL+(T 2 ) :=T 2 x GL+(2) := r/ o (id xB). 



Consider the bijection 

t/ :if 1 (T 2 ,Z 2 )^6pin(T 2 ), x ^ x + a 7 . 



The following proposition shows that if does not depend on the choice of /. This will 
allow us to identify H l (T 2 , Z 2 ) and ©pin(T 2 ) via t f . 

PROPOSITION 4.1. Let (GL + (T 2 ), 0) be a spin structure on T 2 . Let Xf be the element 

m fT 1 (T 2 ,Z 2 ) = Rom z {H 1 (M,Z),Z 2 ) with l f {x f ) = (GL+(T 2 ), tf). Fix a complex 
structure J on TT 2 . 

Then for any non-contractible smooth embedding c : S 1 — ► T 2 the following conditions 
are equivalent 
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(1) X f([c)) = I- 

(2) (c, J(c)) : S 1 -> GL + (T 2 ) ^ to GL+(T 2 ) via 0. 

Characterization (2) is independent from the choice of /, characterization (1) is indepen- 
dent from the choice of J. Therefore t / depends neither on / nor J. The above proposition 
is an immediate consequence of the following lemma. 

LEMMA 4.2. Let c : S 1 — > M 2 /Z 2 a non-contractible smooth embedding. Choose a 
lift C : R -f M 2 = C, i. e. C(t) /Z 2 = c(e 2mt ) . Then 

(1) the homology class [c] e .ffi(R 2 /Z 2 , Z) is primitive, i.e. not a multiple of another 
element in Hi(R 2 /Z 2 , Z). 

(2) map 



has degree 

Proof. The curve c can be lifted to the cylinder Z := M 2 /([c]). The lift will be denoted 
by c z . It is a simple closed curve generating ni(Z). By Jordan's theorem about simple 
closed curves in R 2 we know that this curve divides Z into two connected components 
Z + and Z~ . Each of the components contains one end of the cylinder. 

Let us assume that [c] is not primitive, i. e. [c] = k-a with k E N, k > 2 and a e Hi(M, Z) 
primitive. The action of a on Z maps Z + to Z + and Z~ to Hence the image of c z is 
mapped to itself. This contradicts k > 2. Thus we have proven (1). 

Now let c\ : S* 1 — » T 2 be another embedding, homotopic to c. A suitable lift cf of ci 
divides Z + into a bounded and an unbounded part. The bounded part has c z and cf as 
boundaries and has Euler characteristic 0. Therefore the Gauss-Bonnet theorem for the 
Euclidean metric on Z yields v(c) = v(ci). Thus the lemma only has to be checked for 
one representative in each primitive class. As this is trivial, (2) follows. □ 

From now on we will identify 6pin(T 2 ) with H X (T 2 ,Z 2 ) and Hom z ( J H" 1 (T 2 , Z), Z 2 ). 
Frequently, we will use the term "spin homomorphism" instead of "spin structure" in 
order to indicate that we regard the spin structure as an element in Hom^(iJi(T 2 , Z), Z 2 ). 

From Proposition |5]2| below it is clear that the trivial spin structure is the only spin struc- 
ture such that is in the spectrum of the Dirac operator D. Therefore our definition of 
"trivial spin structure" coincides with the definition in section 0. 
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v{c) : S 1 -> S\e 



2nit 



c(t) 
\c(t)\ 



Remark. On oriented surfaces there is an alternative approach to define spin structures. 
We fix a conformal structure on M. Therefore TM is complex line bundle. A line bundle 
spin structure is a pair (S + M, ■&) of a complex line bundle S + M and a map $ : S + M — > 
TM satisfying 

It is not hard to show that there is a natural bijection from the set of line bundle spin 
structures to the set of spin structures. For M = T 2 , the trivial spin structure is charac- 
terized by the fact that for any non-contractible embedding S 1 — > T 2 the tangent vector 
field c : S 1 — > TT 2 lifts to S + T 2 . The line bundle spin structure definition is used by 
QKS97| ] for example. The Arf invariant QKS97[ ] can also be used to distinguish the trivial 
spin structure from the non-trivial ones. The Arf invariant is equal to —1 for the trivial 
spin structure, and equal to 1 for all others. 



5 Comparing spectra of conformal manifolds 

In this section we will compare Dirac and Laplace eigenvalues on 2-tori. We recall a 
proof of a well-known proposition (see e.g. QDod82| , Proposition 3.3] for a more general 
version). 

PROPOSITION 5.1. Let M be a compact 2 -dimensional manifold with two conformal met- 
rics g and g = e 2u g. The eigenvalues of the Laplacian on functions corresponding to g 
and g will be denoted as = Ao < Ai < A2 • • • and = Ao < Ai < A2 • . • respectively. 

Then 

Xi min e 2u(m) <X i <X l max e 2u{m) Vi = 1, 2, . . . . 

Proof. Let / , . . . , fi be eigenfunctions of A 9 to the eigenvalues A , . . . , Aj. Let Ui be the 
subspace of V := C°°(T 2 ) generated by f , . . . , f. We are bounding A; by the Rayleigh 
quotient: 



A,- < max 



(A § /, f)- a 



feu t -{0} (fj)g 
We obtain for the numerator and the denominator: 

(X,f- f) S = J i\f )f <lvol„ = / iXJlf <K«.l, 

= (Agf, f)g < Xi(f, f)g 

(f,f) S = J // dvolg = J ffe- 2u dvo\ g > e- 2max "(/,/) 9 . 
Therefore we obtain 

Ai < A ie 2maxu . 

The other inequality can be proven in a completely analogous way. □ 
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There is a similar proposition for the Dirac operator. 



PROPOSITION 5.2. Let M be a compact manifold with two conformal metrics g and g = 
e 2u g. Let D and D be the corresponding Dirac operators with respect to a common spin 
structure. We denote the eigenvalues of D 2 by fi\ < fi 2 < • • • and the ones of D 2 by 
P-i < P-2 < ■ ■ ■■ 



Then 



iii mm e 



2u(m) 



< Ltj < tij maxe 



2u(m) 



Vi 



1,2, 



Proof. Let n := dim M. We have 



dvol s = e n Mvol § . 



There is an isomorphism of vector bundles QHit74| |, QBau81| , Satz 3.14] or QHij86| , 4.3.1] 



EM -> EM 

over the identity id : M — > M satisfying 

D(V) = e u m> 

and 

1^1 = e 2 ^ lu \^\. 



Let \i = 1, 2, . . .) be an orthonormal basis of the sections of EM with ^ being an 
eigenspinor of D 2 to the eigenvalue /Ltj. The vector space spanned by ^i, . . . , ^ will be 
denoted by C/j. 

We can bound //j by the Rayleigh quotient 

Ui < max 

We look at the numerator and the denominator separately: 



e 2u (D#, dvolg 
e"(r>#,Z>#)dvol s 



< (D^,L)^) max e" 

< Ui *)„max e" 
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= J e~ u dvol 9 



x 9 

> e- maXM (^,^) 9 

Thus 

itj < Uj max e 
which is one of the inequalities stated in the proposition. 

The other inequality can be proven in a completely analogous way. □ 



6 Systoles and norms on H 1 (T 2 , Z 2 ) 

In this section we define norms on the space of spin structures Spin(M). These norms 
are strongly related to systoles. 

Recall that for any compact Riemannian manifold (M, g), the space H l (M, M) carries a 
natural L p -norm defined to be the quotient norm of the L p -norm on 1 -forms 

||o;|| L p := inf {|M| LP | uo closed 1 -form representing a} . 

For p = oo this norm is the so-called stable norm and for p = dim M it is invariant under 
conformal changes of the metric. 

In our special case M = T 2 , we know that T* = H^T 2 , Z) = Hom z (#i(T 2 , Z), Z) is a 
lattice in H l (T 2 , M) and that the surjective map 

P-\v* -> Hom z (iJ 1 (T 2 ,Z),Z 2 ) = iJ 1 (T 2 ,Z 2 ) 
a(.) - (-l) 2c ^ 

has kernel T*. 

Definition. The L p -norm on H l {T 2 , Z 2 ) is the quotient norm of the L p -norm on T* with 
respect to the quotient map P, i. e. for rj e Hom z (ifi(T 2 , Z), Z 2 ) 

Therefore we have norms on the space of spin structures on T 2 . The L 2 -norm is of 
particular interest as it is invariant under conformal changes and therefore it is a spin- 
conformal invariant. In the following section it will turn out that the smallest eigenvalue 
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of D 2 on a flat torus with spin structure % is 

^ 2 \\x\\l^ 

Another quantity will be used for our estimate of oscw (section 0): The cosystole G\ is 
defined to be 

a i(T 2 , g) ■= inf {||a|| L2 \ a G V* - {0}} . 
For flat tori the first positive eigenvalue of the Laplacian is 

Ait 2 al 
area 

The aim of the rest of this section is to relate the L 2 -norms to some systolic data. 

Definition. For a Riemannian 2-torus (T 2 , g) with spin structure x we define the systole 
sys 1 (T 2 , g) G M, the spinning systole spin-sys^T 2 , g, x) G RU{oo} and the non-spinning 
systole nonspin-sys 1 (T 2 , g, \) & K to be 



sySx(T ,g) 
spin-sys^T 2 ,^) 
nonspin-sys^T 2 ,^) 



inf {length(7) | 7 is a non-contractible loop.} 
inf {length(7) | 7 is a loop with x([l]) = ~ 1} 
inf {length(7) | 7 is a non-contractible loop with x([t]) = 1 
and [7] is a primitive element in Hi(T 2 , Z).} 



An element a G Hi(T 2 ,X) is called primitive if there are no G N, > 2, /3 G 
#i(T 2 ,Z) with a — k- (3. 

These quantities have the following relationships 

sySi(T 2 ,#) = min{spin-sys 1 (T 2 ,^,x),nonspin-sys 1 (T 2 ,^,x)} 

sySi(T 2 ,^) = min{2 • spin-sys^T 2 , g, x), nonspin-sys^T 2 , g, x)} 

where T 2 is the covering of T 2 associated to ker x C 7i~i(T 2 ). This covering is 2-fold for 
non-trivial x> and T 2 = T 2 for x = 1- 

PROPOSITION 6.1. Le£ (7 Z?e any Riemannian metric on T 2 and let x be any spin homo- 
morphism. There is a flat metric g which is conformal to g. This metric g is unique up 
to a multiplicative constant. 

Furthermore, the following inequalities hold: 

sys^T 2 ,^) 2 < sys^T 2 ,^) 2 = 2 2 = 2 2 
area(T 2 ,g) ~~ area(T 2 ,g ) 
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nonspin-sys^T 2 ,^) 2 , nonspin-sys^T 2 , g , xf 

( b ) 77^5 x < 



area(T 2 , g) area(T 2 , 
li 2 (T2, ff0 ) = 4 llxilz^r^) 



(c) spin-sys^r 2 ,^,^) 2 < spin-sys^T 2 , go, x) 2 

area(T 2 ,g) ~~ area(T 2 ,g ) 

spin-sys^T 2 ,^,*) 2 . 1 



2 p, 



area(T 2 ,#o) 4 11x11^^^,) 

(e) For any 77 G i/ 1 (T 2 , Z 2 ) anJ 1 < p < g < 00 

\\v\\ L p(T2,g ) area(T 2 , g )~ (1/p) = \\v\\ l«{t*, 90 ) area(T 2 , g o y (1/q) 
\\ V \\ LP{T2>g) Me&(T 2 ,g)-^ < II^H^^^areaCT 2 ^)-^) 

II^IIl2(t2, 90 ) = II^IIl 2 (t2, 9 ) 

(f) For any 77 G ^(T 2 , Z 2 ) anJ 1 < p < 2 < q < 00 

\\v\\ L P(T2,g) area ( T2 >9r^~^ < \\v\\ L P(T2,g ) aTea ( T ' 2 '9o) 
\\v\\L«(T2,g) are& ( T2 >9)^~^ > lkllL«(r2,so) area ( r2 '^) ^ 

We have equality in the inequalities of(a)-(c) if and only if g is flat. 

For the characterization of the equality case in (d) we choose a lattice F together with an 
isometry I : IR 2 /T — > (T 2 , go). Then equality in (d) is equivalent to the fact that there are 
generators 71, 72/or the lattice T satisfying ji _L 72, J*(x)(7i) = 1 aid I*{x){l2) — — 1- 

Proof. The existence and uniqueness of go follows from the uniformization theorem 
for 2-dimensional tori. The equations for the flat metric go follow directly from elemen- 
tary calculations. As already stated previously, the L 2 -norm is invariant under conformal 
changes, thus the last equations in (a), (b) and (e) hold. The inequality in (e) follows from 
the Holder inequality. 

The first equation in (e) then follows from the fact, that 77 is represented by a real harmonic 
1-form uo with ||^|| L i( T2 go \ = W^Wl 1 ^ 2 go y The pointwise norm \io\ go is constant and 
therefore 

IMIli(t2, 90 ) = ll^lli-cr^so) area(T 2 ,^ ) > IMIl»(z* OT ) area(T 2 , g ). 
The inequalities in (f) follow from (e). 

The remaining inequalities in (a), (b) and (c) are direct consequences from Lemma |672| 
below. 

The discussion of the equality case is straightforward. □ 
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LEMMA 6.2 ([ |Amm98| , Prop. 3.7.2]). With the notation of the previous proposition we 



define for v e H ± (T 2 , Z) 

C g (v) := min |length g (c) c : S 1 — > T 2 represents v\ 
and C go {v) similarly. Then 



CJv) 2 , £ n Jv 



area(T 2 ,g) area(T 2 ,g ) 
Wfe /zave equality for v ^ if and on/y /f g is flat. 

Proof of lemma. The proof of lemma follows the pattern of the proof of Loewner's 
theorem in [ pro81| , 4.1]. 



Let g = e 2u g . We start with a minimizer c of C go (v). There is an isometric torus action 
on (T 2 , g ) acting by translations. Translation by x E T 2 will be denoted by L x . An easy 
calculation shows that 

/ dx length (L x (c)) = C go (v) [ dxe u{x) < C go (v) area(T 2 , g ) 1/2 area(T 2 , g) 1 ' 2 . 

Because the left hand side is an upper bound for C g (v) area(T 2 , g ) the inequality of the 
lemma follows. The case of equality is then obvious. □ 



7 Spectra of flat 2-tori 

In this section we recall the well-known formulas for the spectrum of the Laplacian and 
of the Dirac operator on flat 2-tori. 

Because it is clear how the eigenvalues change under rescaling we will restrict to the case 




y>0 



where T 2 carries the metric g induced by the Euclidean metric of R 2 . The dual lattice 

T* xy := H l (T 2 , Z) = Hom z (r a; j / , Z) is generated by the vectors 

11 := (-*/„) und 72:= (l/y)' 

The function 

/ 7 : T 2 -> C / 7 (x) := exp (2vri (7, x)) 7 G T* xy 
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is an eigenfunction of the Laplace operator A on complex valued functions to the eigen- 
value 47r 2 |7| 2 where | . | denotes the Euclidean norm on M 2 . Moreover, the family (f 7 \j G 
is a complete system of eigenf unctions. Note that 7 can also be viewed as a 1-form 
on T 2 and if || . || L2 is the L 2 -norm defined in the previous section then 

II II 2 I |2 

IMIl 2 = ItI area - 

Therefore we obtain 

PROPOSITION 7.1. The spectrum of the Laplacian on T 2 is given by the family 

[ area y J 

where each eigenvalue appears with the correct multiplicity. 

The first three eigenvalues can be easily expressed using the invariants of the previous 
section 

An 2 a 2 



Aq — Ai — A2 



The eigenfunctions and eigenvalues of the square of the Dirac operator are very similar 
if the spin structure is trivial. Let ipi and tp 2 be parallel orthonormal spinors on T 2 , 
then (f-yipj\j = 1, 2; 7 G is a complete system of eigenfunctions to the eigenvalues 
47r 2 |7| 2 . Therefore the eigenvalues fi± < fi2 < ^3 ■ ■ ■ are the same as for the Laplace 
operator, but the multiplicities are doubled. In particular 

4vr 2 a 2 

Hi = hi = /i 3 = // 4 = fi 5 = /i 6 = . 

area 

Now we assume that T 2 carries a non-trivial spin structure. After a rescaling of the metric 
and an orthonormal transformation of M 2 we can assume that the spin structure is trivial 

on ^ Q J and non-trivial on ^ X j and that 

1 2 / l\\ 1 



0<X<~, x*+{y--j >- y>0. (6) 

The set of all (x, y) satisfying (Q) is called the spin-conformal moduli space Ai s ^ m . 
The elements of Ai s P m correspond to equivalence classes of tori with non-trivial spin 
structures under the equivalence relation of conformal diffeomorphisms preserving the 
spin structure. 

Let (ipijipz) be a basis of parallel sections of the spinor bundle on M 2 and assume that 
they are pointwise orthogonal. Then 

72 



*i,7 := exp(2vri (7, x)) i/ij, 7 G T* xy + y 
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is a spinor that is invariant under the action of T xy . Thus it defines an eigenspinor for 
D 2 : ST 2 -> ST 2 with eigenvalue 4vr 2 |7| 2 and the family (* il7 |j = 1,2; 7 G T* y + 
(72/2)) is a complete system of eigenspinors. 

We obtain a similar proposition as above. 

PROPOSITION 7.2 ([ ]Fri84| ]). Assume that T 2 carries a non-trivial spin structure as above. 
Then the spectrum of the square of the Dirac operator D 2 on T 2 is given by the family 



area 



and the multiplicity of each eigenvalue in the spectrum of D 2 is twice the multiplicity in 
the family. 

We want to prove that r*^ + (72/2) contains no vector that is shorter than 72 /2. For this 
we need a lemma. 

LEMMA 7.3. If linearly independent vectors V\,v 2 G R 2 satisfy 

< {v±,v 2 ) < M 2 < H 2 , 

then for any integers a, b with a^O and b 7^ the following inequality holds 

\av\ + bv2\ > \v2 — Vi\. 
If\av\ + bv2\ = \v2 — v\\, then \a\ = \b\ = 1. 

Proof of lemma. Let \av\ + bvi \ < \v% — v i\. Without loss of generality we can assume 
that a and b are relatively prime. We obtain 

a 2 M 2 -2\ab\ ■ (v u v 2 ) + b 2 \v 2 \ 2 < M 2 - 2 (v u v 2 ) + \v 2 \ 2 

and therefore 

(a 2 + 6 a -2)M a < (a 2 -l)h| 2 + (6 2 -l)h| 2 

< 2(|a6|-l)(u 1 ,u 2 ) <2(|a6|-l)|t; 1 | 2 . 

Thus (\a\ — \b\) 2 < holds, i. e. \a\ = \b\, and as we assumed that a and b are relatively 
prime we obtain \a\ = \b\ = 1. Because of \v 1 + v 2 \ > \v 2 — v\\ the lemma holds. □ 

COROLLARY 7.4. If(x, y) G A^ s P in , then: 



(a) There is no vector in Y* xy + (72/2) that is shorter than 72/2. 
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(b) The shortest vectors in r*^ — {0} have length 



mm 



1 \Jx 2 + y 2 
V V 



Proof. 

(a) Because of relations @ the vectors V\ := 7i/2 and v 2 := (71 + 72)/2 satisfy the 
conditions of the lemma. Any element 7 of Y* xy + (72/2) can be written as av\ + 5t> 2, 
a, b G Z — {0}. The lemma yields 



|72 1 

2 



(b) This time we set t>i = 71 and v 2 = 71 + 72- As before < (i> l3 v 2 ) < |t>i| 2 < |-^ 2 1 2 - 
Any 7 G T* y — {0} is either a multiple of v\ or t> 2 (then |7| 2 > |t>i| 2 = |7i| 2 = 
1 + (x 2 /y 2 )) or 

, , 1 

n\ >\v2 — vi\ = -. 



V 

□ 



Thus the smallest eigenvalue \i\ of D 2 satisfies 

^2 



2i i2 71 " 

/il = VT 72 = —J- (V) 



Using the notations of the previous section we see easily that the L 2 -norm of the spin- 
structure x satisfies 

11 11= 1 

IMI" = Ty 

With area = y we obtain 

fii area = Att 2 \\xW\2 ■ 
Analogously, we see for the cosystole that 

( 1 x 2 + y 2 1 



(j 2 = min 



y y 
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8 Regular bipartitions of 2-tori 



Definition. A regular bipartition of T 2 is a pair (Xi, X 2 ) of disjoint open subsets Xi C 
T 2 such that dX\ = dX 2 is a smooth 1-manifold, i. e. dX\ = dX 2 is a disjoint union of 
finitely many smooth circles. In particular this implies T 2 = XiijX 2 \JdXi. 

PROPOSITION 8.1. Let (Xi,X 2 ) be a regular bipartition ofT 2 . Then exactly one of the 
following conditions is satisfied 

(i) The inclusion X\ — > T 2 induces the trivial map tti(Xi) — > 7Ti(T 2 ). 
fiij 77ie inclusion X 2 — > T 2 induces the trivial map iri(X 2 ) — > 7Ti(T 2 ). 
(7//J 77ze boundary dX 1 has at least two components that are non-contractible in T 2 . 

Proof. Assume a regular bipartition (X 1 ,X 2 ) satisfies (iii), then dX 1 contains a non- 
contractible loop. By a small perturbation we can achieve that this loop lies completely 
in Xi. Therefore 7r 1 (X 1 ) — > 7Ti(T 2 ) is not trivial. Hence (X 1: X 2 ) does not satisfy (i). 
Similarly we prove that it does not satisfy (ii). 

Now assume that a regular bipartition (X 1: X 2 ) satisfies both (i) and (ii). Van-Kampen's 
theorem implies n\{T 2 ) = 0. Therefore we have shown that at most one of the three 
conditions is satisfied. 

It remains to show that at least one condition is satisfied. For this we assume that neither 
(i) nor (ii) is satisfied, i. e. there are continous paths q : S 1 — > Xi that are non-contractible 
within T 2 . Obviously dX 1 is homologous to zero. We will show that at least one com- 
ponent of dXi is non-homologous to zero. Then there has to be a second component that 
is non-homologous to zero, because [dXi] = is the sum of the homology classes of the 
components. 

We argue by contradiction. Assume that each component of dX\ is homologous to zero. 
Let 7r : IR 2 — > T 2 be the universal covering. Then 1x^(8X1) is diffeomorphic to a disjoint 
union of countably many S 1 . We write 

n-\dX 1 ) = \jY i 

with Y t = S 1 . We choose lifts q : R -> R 2 of q, i.e. vr (cj(t + z)) = a(t) for all 
* G [0, 1], z e Z and i = 1, 2. Then we take a path 7 : [0, 1] -> M 2 joining ci(0) to 
c 2 (0). We can assume that 7 is transversal to any Y^. We define / to be the set of alH £ N 
such that Yi meets the trace of 7. The set 7 is finite. Using the Theorem of Jordan and 
Schoenfliess about simple closed curves in M 2 we can inductively construct a compact set 
K C M 2 with boundary {j ieI Y,i. The number of intersections of 7 with Uig/^ is odd. 
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Thus, either Si(0) or c 2 (0) is in the interior of K. But if Cj(0) is in the interior of fT, then 
the whole trace Cj(R) is contained in i^. Furthermore, Cj(R) = 7r _1 (cj([0, 1])) is closed 
and therefore compact. This implies that q is homologous to zero in contradiction to our 
assumption. □ 



9 Controling the conformal scaling function 

Let T 2 carry an arbitrary metric g. According to the uniformization theorem we can write 
g = e 2u go with a real function u : T 2 — > R and a flat metric go. The function u is unique 
up to adding a constant. 

The aim of this section is to estimate the quantity oscw := maxw — min w. The estimate 



is similar to an estimate of the author in a previous publication [ |AmmOO| , Theorem 3.1] 



The main difference is that the previous estimate needed the assumption 

\\ K 9\\lp(ti a) (area(T 2 ,#)V (1 P < 4tt 



l 9llLP(T 2 , s ) 

which is no longer needed in the estimate presented here. 
THEOREM 9.1. We assume 

11^11^1(^,5) < 47F - 

Then for any p G ] 1 , oo [ we obtain a bound for the oscillation of u 



(a) oscm < S[\\K g \\ Ll(T2g) , \\K g \\ LP{T ^ g) (area(T 2 ,^)) p ,p,ai(T 2 ,#)- 

(b) oscm < S(\\K g \\ L1{T2g) , \\K g \\ LP{T2jg) (area(T 2 ,#)) M1/p) ,P, ggffjg^ ;, 
where we use the definition 



S(Ki,Kp,p,V) := — 1 —r 
p — 1 

for /Ci > and 5(0, K, p , p, V) := 0. 



1 

4tt 2 



8tt - 2/Ci ° g V £i 



+ 



The function 5 is continuous in /Ci = 0. 

COROLLARY 9.2. Le? T be a family of Riemannian metrics conformal to the fiat met- 
ric go. Assume that there are constants fc\ G ]0, 4tt[ and JC P G ]0, oo[, p G ]l,oo[ 
with 

II^IIli(t2, 9 ) - and \\ K g\\Lv{T^, g ) (area(T 2 , gfj 1 p < 1C P for any g G T. 

Then the oscillation osc u g of the scaling function corresponding to g is uniformly bounded 
on T by 

osc u g < S(/Ci,/C p ,p, V(T 2 ,# ) 
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Before proving the theorem we will present some examples showing that the theorem and 
the corollary no longer hold if we drop one of the assumptions ||i^ 9 || L1( . T2 ^ < JC 1 < An 

or \\ K a\\Lv{T^ g ) (area(T 2 , g)f^ < K p . 

Example. For any /Ci > there is a sequence (<fc) of Riemannian metrics with fixed 
conformal type, bounded volume, constant systole, with 

W K 9i\\v{TZ, gi ) < ^1 and OSC %* 00 • 

In order to construct such a sequence we take a flat torus and replace a ball by a rota- 
tionally symmetric surface which approximates a cone for % 
details). 



oo (see [AmmOC] for 




Example. For any e > there is a sequence (<fo) 
conformal type, bounded volume, constant systole, 

47r + s, \\K„. ||r /^2 _.n < const and oscw f , 



of Riemannian metrics with fixed 

-1 < K„ A < 1, \\K a .\\ r ,»~, , < 



Lgi _i ^ ll-"-ffillI,i(r 2 ,Si) 

1 . iilp(t 2 g ) — t -"" Jt " 11U "ft ~~ ' 00 • m order to construct such a sequence 
we take a ball out of a flat torus and replace it by a hyperbolic part, a cone of small opening 
angle, and a cap as indicated in the following picture. While the injectivity radius of the 
hyperbolic part shrinks to zero, the oscillation of u tends to infinity. 
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In the picture the dots in the "limit space" indicate the hyperbolic part with injectivity 
radius tending to and diameter tending to oo. 



Proof of Theorem |jO| . As Morse functions form a dense subset of the space of C°°- 
functions with respect to the C°° -topology, we can assume without loss of generality that 
u is a Morse function. We set Area 9 := area(T 2 ,g) and Area := area(T 2 , g ). We 
define 

G K (v) := {x G T 2 | u(x) < v} G>(v) := [x G T 2 | u{x) > v} 



<f : [0, Area 9 ] 
.4 



inf < supu(x) X C T 2 open, area(X) > A 
[xex 



(8) 



sup | inf u{x) X c C T 2 open, area(X c ) > Area„ - A) (9) 



<p(A) 




A 



A- A + A # Area s : = 

area(T 2 , g) 



The infimum in (|]) is actually a minimum and as u is a Morse function the only minimum 
is attained for X = G < (cp(A)). Similarly the supremum in (g) is attained exactly in 
X c = G > (cp(A)). The function cp is strictly increasing and is continously differentiable. 
The inverse of cp is given by 

= area(G<(f )). 
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The differential <p'(A) is zero if and only if (p(A) is a critical value of u. 
Now let v E [minw, max it] be a regular value of u. We obtain 

(*-')'(«> = / irr^ T'^i''' (10) 

V ' JdG<(v), g \du\g IdG^vU \ du \g 

where length(9G ! < (u), g) is the length of the boundary of 9G<(u) with respect to g. This 
inequality will yield an upper bound for <p' which will provide in turn an upper bound for 

oscm = y9(Area 5 ) — <p(0) = Jif^ 3 <p'. We transform 

/ \du\ g = [ *du=-[ A ff u = — f K g . (11) 

JdG^g JdG < (v) JG < (v),g ^G<(«),fl 



The last equation follows from the Kazdan- Warner-equation A g u = K g QKW74| . We 



define k using the Gaussian curvature function K g : T 2 



9 

■ V- IP J 



:= inf | 



k : [0, Area 5 ] — > R, := inf < sup if s (:r) Icr open, area(X) > A > . 

Any open subset X C T 2 satisfies 

ra,rea,(X,g) r pArea, g 

/ « < Kg< K 

JO J X,g J Are&g— axea(X,g) 

and for X = T 2 we have equality. Using Gauss-Bonnet theorem we see that 



K = 0. 



n 



The right hand side of equation ( |TT1 ) now can be estimated as follows. 



rA /■Area 9 

K Q < - / K = / K (12) 

/G<(<p(A)),g 7o ■/ A 

Putting (|T0[), (|TTJ) and (0 together, we obtain 

r Area 9 

/ / A\ < Ja K 

^ l J -length(9G<(^(A))^) 2 ' 

Our next goal is to find suitable lower bounds for length(9G< (<p(A)). 

Note that for any regular value v of it, (G < (v),G > (v)) is a regular bipartition of T 2 . 
According to Proposition [O exactly one of the following conditions is satisfied 



(i) The inclusion G<(v ) — > T 2 induces the trivial map 7r 1 (G < (f )) — > ^(T 2 
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(ii) The inclusion G > (v) — > T 2 induces the trivial map tt 1 (G > (v)) — > -ni(T 2 ). 

(iii) The boundary dG < (v) has at least two components that are non-contractible in T 2 . 

If condition (i) is satisfied by v, it is obvious that it is also satisfied by v' G [0, v] . Similarly, 
if condition (ii) is satisfied by v, then it is also satisfied by v' G [v, Area ff ]. 



V- 

v+ 
A ± 



= sup{v G [0, Area 9 ] | (i) is satisfied for v} 
= mi{v G [0, Area s ] | (ii) is satisfied for v} 



In each of the three cases we derive a different estimate for length(9G < (v), g) and there- 
fore we obtain a different bound for ip'. 

(i) In this case G<{v) can be lifted to the universal covering R 2 of T 2 . We will also 
write g and g for the pullbacks of g and g to M 2 . The isoperimetric inequality of 
the flat space (M 2 , g ) yields 

length(<9G' < (t;),5fo) 2 > 4tt area(G<(t;), g Q ). 

Using the relations 

length(0G< («),</) = eMength(0G<O>),<7o) (13) 
axea(G<(u),0) < e 2 ^ area(G<(u), g Q ) (14) 

we obtain 

length(<9G<(t;),£) 2 > 4tt area(G< (u) , . (15) 
Together with the Holder inequality 



we get 



- f A k < \\k ii ^i-a/p) 



(fT 1 )'^)) " length^G^A)),^ 
1 _i 



Integration yields 



t>_ — minw = </?(</? — ip(0) 

p 1 



< -^i-H^II^^Axea,) 1 -^) (16) 
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(ii) This case is similar to the previous one, but unfortunately because of opposite signs 
some estimates do not work as before. For example ( |Pi| ) and ( JT3| ) are no longer true 
for G< (v) replaced by G> (v). Instead we use Topping's inequality t fTop98a| , |Top99| ] . 



(length(9G>(w),^)) 2 > 4vri-2 / (A - a) «(Area s - a) da (17) 

Jo 

with A = axea(G ! >(u), g). Using the estimate 

pA „ A rA 

/ (A — a) /?(Area g — a) da < A max{0, «;(Area 9 — a)} da 

J « 

< -11X11 

we obtain 

(length(9G>(t;)^)) 2 > (4tt - ||^|| il(T2)S) ) A. (18) 
The obvious inequality 

rArea, g 

k< \\max{0,K g }\\ Ll{T2g) < (1/2) ||X 9 || L i (T 2 i9) 

yields 

y?'(Area 9 - A) < 



~ " ' ~ A 87T-2||iO rl , 



L SllLi(T2, 5 ) 

Integration yields 

'Area„-,4 + \ II-^/IIli(t 2 , s ) 



yj(Area g — A) — <^(^+) < log 



A / 87r-2||K g || Ll(T2jff) 



The right hand side converges to oo for A — > 0. Thus we have to improve our 
estimates for small A. The integral in ( |T7| ) also has the following bound. 



y (A — a) «;(Area 9 — a) da < (J (A — a) 9 daj ■ (J K(Are& g — a 



da 



A^\ 1/q 



\q + ll '\\ K 9\\LP(T*,g) ( 19 ) 

where we wrote q : = p/(p — 1) in order to simplify the notation. 
We obtain a second lower bound on the length 

(length(0G>(*;), j?)) 2 > 4n A - ci 1+ i \\K g \\ LP{T2jg) (20) 
28 



for any c > 2/^/q + 1, e.g. c = 2. Note that our assumption ||/<" 9 || Ll ^ T2 ^ < An 
does not imply that the right hand side of the above inequality is always positive. 
Although ( p0| ) is better for small A, it is not strong enough to control the length for 
larger A. However, for 

A < 



C ' W^-dW LP (T 2 ,g) 



we use (20) and 



k < A l ' q \\K 

Arca„-A H^Ul^) 



to obtain the estimate 

II if II 

/(Area.-i) < J^ZM , 

4vr-cAV,||^|| LP(T2i5) 

With the substitution 

,,,(' ^ _ _ „( Av^o /I A 1/ 1 1 Zi , 

x 9\\LP(T 2 ,g) 



w = W (A) = 4tt - c(Area 9 - A) 1/q \\K g 



integration yields 



/•Area 9 

^(Area 5 ) - <p(A#) = / <p\A)dA 

J Am. 



»«>(Area 9 ) q \ q w(Area„ 

< aw = - log ■ 



(A # ) c w c w(A#) 

q 4vr 
= — log 

c 4vr - c(Area 9 - A # )V? \\K g \\ LP{T2>g) 

for any A # between Area 9 — {An / (c ■ ||i^ 3 || LP( . T2 g yj) and Area 9 . We choose 

\ / II^sIIl i (t 2 0) \ 

A # := max ^ Area g - - , ^ 



2 \\Kg\\ L p(T*,g) 



Finally we obtain the estimates 



m&xu-<p(A # ) < -log- r— ^ (21) 

^ # )-« + < g "^f" log( 2A 7' / ° l|A ' jL '' r '' , N )(22) 

87r Z II-"-9IIl1(T 2 , S ) V W n 9\\Ll(T 2 ,g) ) 

For c = 2 the right hand sides of these inequalities contribute two summands to the 
formula for S. 
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(iii) If v = (p(A) is a regular value of u between v_ and v + , then dG < (v) contains at 
least two components that are non-contractible in T 2 . Hence, for any metric g on T 2 
we get 

length(0G< >2sy Sl (T 2 ^). 

In order to prove (a) of Theorem [9J] we apply this equation to g := go. Using 

Ja^k < (1/2) \\K g \\ LHT2g) andlength(aG<(«),p) = e v length(9G< (v) ,g ) we 



obtain 



cp' (A) < e- 2 ^ j -A - 



4sys 1 (T 2 ,e/ ) 



2 



< i e ^SM . (23) 
8 sys^T 2 ,^) 2 



Integration yields 



?j + - w_ = / v? (A) eL4 

1 I Infill /-.IfTS.nl f A 



gll ^(T 2 ,g) f A + -2 V (A) HA 



8 sys^T 

< 1 ^j!^ Areao (24) 
8 sys^T 2 ,^) 2 

where we used Area = area(T 2 , g ) = J^ Tea9 e~ 2Lp<yA) dA. 

Together with inequalities (|T6|), ( p| ) and ([22|) we obtain statement (a) of the theorem. 
Similarly, setting g := g we get statement (b). 



□ 



10 Some "inverse" inequalities 



In Proposition p. l|and Lemma |Q| we proved some inequalities relating the metric gtog . 
It is easy to prove that they also hold in the other direction if we add a factor like e 2oscu . 

Explicitely we obtain: 

(a) sys^T 2 ,^) 2 > e _ 2oscu sys i (rVgo)^ 

area(T 2 ,g) ~~ area(T 2 ,(?o) 

(b) nonspin-sys^r 2 ,-?,^) 2 > c -2osc M nons P in - s y s i( T2 > 9o, X? 

area(T 2 ,g) ~~ area(T 2 ,g ) 
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(c) spin-sys^T 2 ,^) 2 > c - 2o sc M s P in - s y s i( T2 ^o ? X? 

area(T 2 ,g) ~~ area(T 2 ,g ) 

(d) For any rj G H^T 2 , Z 2 ) and 1 < p < 2 < g < oo 

\\v\\i*(T'4)^^(^>9r*~*' > e( 1- £) ° SCU IMIi,p(T^o) area ( T2 ># ) 

\\v\\ li{t*, 9 ) area(T 2 , g)\^~V < e ( 1_ l) oscu \\r]\\ Lg{T 2 :go) area(T 2 , g )^~^ 

A combination of these inequalities together with our upper bound for osc u in the pre- 
vious section enables us to compare the quantities under consideration for a flat and an 
arbitrary metric in the same (spin-)conformal class. 



1 1 Proof of the main results 



Combining the inequalities derived in the previous sections, we are now able to derive our 
main results. 



Theorem [TT] is a consequence of Proposition [7]2] together with Proposition |5]2| and The- 
orem |9T] . Theorem then follows from the calculation of the first eigenvalue of D 2 on 



flat tori at the end of section [7| Using the inequalities in Proposition ^TT] and section [K] 
we can derive Corollaries IO and |2~4 . 



Similarly, Theorem ^3] is a consequence of Proposition [Tj] together with Proposition [5J] 
and Theorem pTT| . Theorem ^1] then follows from the calculation of the first positive 
eigenvalue of A on flat tori at the end of section [7[ Using the inequalities in Proposi- 



tion 6.1 we obtain Corollary 



12 An application to the Willmore functional 

In this section S 3 always carries the metric g s s of constant sectional curvature 1. For any 
immersion F : T 2 — > S 3 we define the Willmore functional 

W(F) := / \H T 2^ s3 \ 2 + 1 

J(T 2 ,F*g s3 ) 

where H is the relative mean curvature of F(T 2 ) in S 3 and integration is the usual inte- 
gration of functions T 2 — ► R over the Riemannian manifold (T 2 , F*g s z). Note that the 
mean curvature H of F{T 2 ) in M 4 satisfies 

\H\ 2 = \H T 2^ s z\ 2 + 1. 
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The Willmore conjecture states that W(F) > 2ix 2 . Li and Yau QLY82| , Fact 3] proved that 
the conjecture holds if F is not an embedding. 

Any immersion F : T 2 — > S 3 induces a spin structure (fp on T 2 . The spin structure 
ifF is non-trivial if and only if F is regularly homo topic to an embedding. Thus for any 
immersion F which is regularly homotopic to an embedding, the pair (F*g s s, Lfp) defines 
an element (x, y) in the spin-conformal moduli space Ai s P m (defined in section |7|). In 
order to shorten our notation we write [F] := (x, y) G .M s P in . If T 2 already carries a 
spin structure, we say that F is spin iff (fp = (p. 

Li and Yau proved: 

THEOREM 12.1 ([ |LY82| , Theorem 1]). Let F : (T 2 , g) (S 3 , g s s) be a conformal em- 
bedding, let Area ff be the area of (T 2 , g) and let \\be the first positive eigenvalue of the 
Laplacian A on (T 2 , g) then 

W(F) > l - AiArea,. 

From this theorem the conjectured inequality W(F) > 2ir 2 follows, if [F] lies in a com- 
pact subset of A4 s P m with positive measure (see Figure p. 

A similar lower bound for W(F) in terms of Dirac eigenvalues has been given by Bar. 

THEOREM 12.2 ([ |Bar98bQ ). Let F : (T 2 , g, ip) — > (S 3 , g s a) be an isometric spin immer- 
sion. Then for the first eigenvalue of the square of the Dirac operator the inequlity 

W(F) > /iiArea 9 

holds. 



Note that this estimate is only non-trivial if F is regularly homotopic to an embedding. 

Remark. At the end of this section we will show by example that in general "isometric" 
can not be replaced be "conformal" in this theorem. 

Our goal now is to apply our previous estimates and derive lower bounds for W(F). One 
way to deduce such bounds is to combine the theorem with our lower estimates for the 
first eigenvalue of the square of the Dirac operator. These lower etimates for the Willmore 
functional are weaker than the ones derived by the author in [ |AmmUU| ], therefore we skip 
this approach. 



In this article, our approach is to modify the techniques of Theorem \12.2\ This yields 
together with Theorem new results about the Willmore functional. 



As in the previous sections we define 



S{lCi,Kp,p, V) := 



V 



/C, 



p-1 Uvr + 2 



+ 



£1 



log 



/2/Cj 



8tt - 2/Ci to V K x 



+ 



/CiV 
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Clifford 
torus 



■> x 



The spin conformal moduli space 
^spin 





Li and Yau proved the Will- 
more conjecture for these spin- 
conformal classes 



For these spin-conformal classes 
we prove the Willmore conjec- 
ture under a curvature assump- 
tion 



Figure 1 : The spin conformal moduli space 



for/Ci > 0and5(0,/C p ,p,V) := 0. 

THEOREM 12.3. Let F : T 2 — > S 3 be an immersion of the 2 -dimensional torus in S 3 
carrying the standard metric g s s. Let F be regularly homotopic to an embedding. We set 
g ■= F*g s s. Let (x,y) = [F] G M s P in . Then 

W(F)>j-l(oscu) \\K g \\ LHT2gy 
In particluar if ||i^ g || L i( T 2 g ) < 4tt and any p > 1 

W{F)>^-\s\\K g \\ L ^ g) 



withS := S [\\K, 

C 9 II £i(T2, g) 



I K II Arpa 1- (Vp) 

I 9 II LP( rp ' 2 ■ • ' " 

v 9\\LP(T^,g)- 



Arca 9 

9llLi(T 2 , 9 ) ' W A ^9\\LP(T 2 ,g) ^ L ^ a g iP, sySl (T 2 , s ) 2 



or 



S:=S( \\K n \\ Tl ^ 2 , \\K n \\ TB ,rt ^ Area/-^,^ ^(T 2 , g)~ 



Proof. We write the induced metric g on T 2 in the form g = e 2u g with g flat. Any 
Killing spinor on S* 3 with the Killing constant a = (1/2) induces a spinor ip on (T 2 , (?) 
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satisfying 
where 



DA) = Hip + vip, 



v = j{ei)j(e 2 ) 



-i 
i 



End (S + T 2 



ST 



(see e. g. [ |Bar98b[ ]). There is an isomorphism of vector bundles [ Hit74| ],[ |Hij86| , 4.3.1] 

£T 2 -> ST 2 

with 



e u D a * = D go V + - 7go (grad So «)* 



and 



1^1 



1^1 



Here 7 90 means Clifford multiplication corresponding to the metric g . Note that \P from 
section | satisfies § = e^/ 2 ^. 

We apply this transformation for \& = ijj and we obtain 

D go i> = -~7 go (grad ffo «)^ + e u H$ + e u v$. 
As u, 7(V) and f7(V) are skew-hermitian for any vector V\ this yields 



- 7 90 (grad ;?0 M)^ 
\\du\] o + e^H> + e^. 



+ e 2u # 2 

2u 



+ e 



2)i 



Integration over (T 2 , g ) provides 

A ia rea(T 2 ^ ) < ij^ \du\ 2 go dvol 90 + W(F), 

where A x denotes the smallest eigenvalue of the square of the Dirac operator on (T 2 , g ) 
On the other hand 



T 2 



\du\ 2 go dvol 90 



r 2 



M A 90« dvol 90 



e 2 "^ dvol 



T 2 



lit I 



T 2 



UKg dVOlg 



< - (oscu) ||ir 9 || L i (T 2 i9) . 



Together with Theorem ^J] and the results of section [7] we get the statement. 



□ 
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COROLLARY 12.4. For any K\ G ]0, Att[, any p > 1 and any k p > there is a neighbor- 
hood U of the (y — > 0)-endofA4 s P m with the following property: 

If F : T 2 — > S* 3 is an immersion such that the induced metric g := F*g$3 and the induced 
spin structure ifF represent a spin-conformal class in U and if the curvature conditions 

ll-^fflli^r 2 ^) < Kl an d H-^9llLJ>(T 2 ,g) Area^ 1 < k p 
are satisfied, then the Willmore conjecture 

W(F) > 2tt 2 

holds. 

COROLLARY 12.5. Let Fi : T 2 — > S 3 be a sequence of immersions. The induced metrics 
g,i := F*g$3 together with the induced spin structures define a sequence (xi,yi) in the 
spin-moduli space Ai s P m . Assume that yi — > and that the curvature conditions 

\\K 9i \\ 

lHt 2 ^) < ^i < 47r and \\K g \\ LP ^ T2 ^ Area 9 p < k p 
are satisfied for some p > 1 and k p < oo. Then 

VV(Fi) -> oo. 

The conclusion of the second corollary is false if we drop the curvature conditions. To 
see this we construct a sequence of immersions with — > and W(Fj) < const. We 
start with an embedding F : T 2 — ^ S 3 which looks in a neighborhood of some point like 
a cylinder. Now we "strangle" the torus as in the picture below: 




We get a sequence F { : T 2 — > S* 3 of C 1 -embedding s with the following properties: 

(i) Fi(T 2 ) coincides with F(T 2 ) in region a 

(ii) Fi(T 2 ) coincides with a part of a half-sphere in region b, 

(iii) Fi{T 2 ) coincides with a minimal surface in region c. 
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Note that the regions a, b and c depend on i. In the limit i — > oo, region c disappears. 
After smoothing we get a family of smooth embeddings satisfying both y { — > and 

W(Fj) < cons? and area(T 2 , F*g s z) — ► con^f. 

Hence, the first eigenvalue of D 2 is bounded from above. But the first eigenvalue of the 
spin-conformally equivalent flat torus with unit volume converges to oo. This implies that 
there are spin-conformal classes in which the optimal constants in Lott's inequality (0) 
are not attained by flat metrics. 



From this example we can also conclude that Theorem |12.2| does no longer hold, if we 



replace the condition "isometric spin immersion" by "conformal spin immersion". 



13 Comparing spectra for different spin structures 

In this section we remove the assumption dim M = 2 and assume that a compact Rie- 
mannian spin manifold (M,g) of arbitrary dimension carries at least two different spin 
structures ■d and . The space of spin structures on M is an affine space associated 
to the vector space H l {M, Z 2 ) which will be identified with Hom z (i7 1 (M, Z), Z 2 ) and 
Hom(7r 1 (M),Z 2 ). 

For r el, let H\ (M, rZ) be the set of all [u] E Hl Rham (M, R) satisfying 

/ uj E rZ for any closed 1 -chain X. 

Jx 

Generalizing our definition in section || we define 

P:H^(m,-Z) -> Eom z (H 1 (M,Z),Z 2 ) = H\M,Z 2 ) 
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[X] i — > exp(27ri / to] 

J X 



The kernel of P is (M, Z). We now define the stable norm for elements of x °f 

H\M,Z 2 ) 

WxWloo ■= inf {||w|| Loo | P([u]) = x} ■ 

In general P is not surjective, hence this norm takes values in [0, oo]. The elements in 
the image of P are called realizable by a differentiable form. A homomorphism x £ 
Homz(.f/i(M, Z), Z 2 ) is realizable by a differentiable form if and only if x vanishes on 
the torsion subgroup of Hi(M, Z). 

Definition. Two families E Z) and (X'^i E Z) of real numbers are said to be 5-close 
if there is a bijective map h : Z — > Z with the property 

\Xh(i) — K\ < 
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PROPOSITION 13.1. Assume that (M, g) carries two spin structures whose difference x 
is realizable as a differential form. Then the spectra of D for the two spin structures are 
2?r llxll roo -close. 



Proof. We modify a technique used by Friedrich [ pri84| ] for calculating the spectrum of 
the Dirac operator on a flat torus. 

Let us assume that the difference x of the spin structures is realizable as a differentiable 
form. We take to E (M, (1/2)Z) with P([u]) = x and < \\x\\l°° + £ for a 

small number e > 0. Then there is complex line bundle L w on M which is trivialized by 
a section r and a connection V on L u such that 

V x r = 2-Kiuj(X)r. 

The holonomy of the bundle (_L W ,V) is x- Therefore the square of (L W ,V) admits a 
parallel trivialization. Let L w carry the hermitian metric characterized by |t| = 1. 

Denote by EM and E'M the spinor bundles to the two spin structures. Then 

E'M ^SM®L W 

where the isomorphism preserves the connection, the hermitian metric and the Clifford 
multiplication. Now we define 

H : r(EM) -> r(E'M) 
* (g> r 

The Dirac operators D and D' for the two spin structures then satisfy 

D'V = H o D o iJ- 1 ^ + 27tzo; • * 

where • denotes the Clifford multiplication. Multiplication by 2ixiuj is a bounded operator 
on the space of L 2 -sections of E'M. Its operator norm is 2n \\uj\\ Lod . The following well- 
known lemma completes the proof. □ 

LEMMA 13.2. Let D and D' be two self-adjoint densely defined endomorphisms of a 
complex separable Hilbert space. We assume that the spectra of D and D' are discrete 
with finite multiplicities. Suppose that D — D' is a bounded operator of operator norm 
K. Then the spectra of D and D' (with multiplicities) are K -close. 

The lemma is well-known in perturbation theory. For example it can be deduced from 
considerations in [ |Kat66[ ]. The eigenvalues (\i(t) \ % E Z) of 



A t := (1 - t)D + tD', tE [0,1] 

can be numbered such that Aj(t) is a Lipschitz function in t with Lipschitz constant K. 
From this observation the lemma is evident. 
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